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1. $||\cdot||$ $\mathbb{C}^{2}$ absolute normalized norm . ,
(1) $||(x_{1,2}x)||=||(|x_{1}|, |x_{2}|)||$ $\forall(x_{1}, x_{n})\in \mathbb{C}^{2}$ ,
(2) $||(1,0)||=||(0,1)||=1$ .
(3) $\psi(t)=||(1-t, t)||$ $(0\leq t\leq 1)$
, $\psi$ $[0,1]$
(4) $\psi(0)=\psi(1)=1$ , $\max\{1-t, t\}\leq\psi(t)\leq 1$
. (4) $[0,1]$ $\psi$
(5) $||(z, w)||_{\psi}=\{$
$(|z|+|w|) \psi(\frac{|w|}{|z|+|w|})$ if $(z, w)\neq(0,0)$ ,
$0$ if $(z, w)=(0,0)$
, $||\cdot||_{\psi}$ $\mathbb{C}^{2}$ absolute normalized norm (3) .
(3) $\mathbb{C}^{2}$ absolute normalized norm $N_{a}$ , (4)
$[0,1]$ $\Psi$ 1 1 (Bonsall-Duncan [1]).
$\ell_{p}$-norm $||\cdot||_{p}$ , :
(6) $\psi_{p}(t):=||(1-t, t)||_{p}=\{$
$\{(1-t)p+t^{p}\}1/p$ if $1\leq p<\infty$ ,




$\psi\in\Psi$ . Banach $X,$ $Y$
(7) $||(x,y)||_{\psi}=||(||x||, ||y||)||_{\psi}$ for $(x, y)\in X\oplus Y$
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$X\oplus \mathrm{Y}$ $||-$. $||\psi$ Banach . $X\oplus_{\psi}Y$ $X,$ $Y$
$\psi$ . , [7] $X\oplus_{\psi}Y$ strictly convexity
. $X\oplus_{\psi}\mathrm{Y}$ uniform convexity ([4]).
2. $X$ Banach .
$||x||=||y||=1,$ $X \neq y\Rightarrow||\frac{x+y}{2}||<1$
$X$ strictly convex . $\epsilon>0$ $\delta(0<\delta<1)$
$||x-y||\geq\epsilon,$ $||_{X}||\leq 1,$ $||y|| \leq 1\Rightarrow||\frac{x+y}{2}||<1-\delta$
, $X$ ( uniformly convex . $[0,1]$ $\psi$
$s,$ $t\in[0,1],$ $s\neq t,$ $0<c<1\Rightarrow\psi((1-c)_{S+c}t)<(1-C)\psi(s)+C\psi(t)$
, $\psi$ ( strictly convex .
Absolute norm $||\cdot||\in N_{a}$
$|z|\leq|u.|$ and $|w.|\leq|v|\Rightarrow||(z, w)||\leq||(u, v)||$
$|z|<|u|$ and $|w|<|v|\Rightarrow||(z, w)||<||(u, v)||$
([1]). .
3. ([7]) $\psi\in\Psi$ . .
’. (i) $|z|\leq|u|$ and $|w|<|v|$ , $|z|<|u|$ and $|w|\leq|v|$ $\Rightarrow$ $||(z, w)||\psi<$
$||(u, v)\}|_{\psi}$ . $:$ . $\cdot$.
(ii) $\psi(t)>\psi_{\infty}(t)=\max\{1-t, t\}$ for $\forall t\in(\mathrm{O}, 1)$ .
(iii) $\psi(t)/t$ ea $(0,1]\text{ }\backslash$ strictly decreasing, $\hslash>\vee\supset\psi(t)/(1-t)$ ex $[0,1)^{-}C$ strictly
increasing.
, $\psi$ strictly convex $(\mathrm{i})-(\mathrm{i}\mathrm{i}\mathrm{i})$ .
4. ([7]) $X,$ $Y$ Banach , $\psi\in\Psi$ . .
(i) $X\oplus_{\psi}\mathrm{Y}$ ex strictly convex.
(ii) $X,$ $Y$ ea strictly convex, $\emptyset 1’\supset\psi$ ea strictly convex.
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5. ([4]) $X,$ $Y$ Banach , $\psi\in\Psi$ . .
(i) $X\oplus_{\psi}\mathrm{Y}$ ex uniformly convex.
(ii) $X,$ $Yl\mathrm{X}$ uniformly convex $\hslash 1\text{ }\psi$ es strictly convex.
. $(\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i})$ . $X\oplus_{\psi}\mathrm{Y}$ uniformly convex . $X,$ $Y$
$X\oplus_{\psi}Y$ , uniformly convex. 4
$\psi$ strictly convex.
(ii) $\Rightarrow(\mathrm{i})$ . $X,$ $Y$ uniformly convex, $\psi$ strictly convex .
$\epsilon>0$
(8) $||x_{1}-X_{2}|| \geq\frac{\epsilon}{2}$ $||x_{1}||\leq 1,$ $||x_{2}||\leq 1\Rightarrow||x_{1}+x_{2}||\leq 2(1-\delta_{\mathrm{x}})$ ,
(9) $||y_{1}-y2|| \geq\frac{\epsilon}{2}$ $||y_{1}||\leq 1,$ $||y_{2}||\leq 1\Rightarrow||y_{1}+y2||\leq 2(1-\delta_{Y})$
$\delta_{X},$ $\delta_{Y}(0<\delta X, \delta Y<1)$ . ,
(10) $||(x_{1},y_{1})-(x_{2}, y_{2})||\psi\geq\epsilon$ , $||(x_{1}, y_{1})||\psi=||(x2, y_{2})||\psi=1$
$(x_{1}, y_{1}),$ $(x_{2}, y_{2})\in X\oplus_{\psi}Y$ .
(11) $t:= \frac{||y_{1}-y2||}{||x_{1}-x_{2}||+||y1-y2||}$
$||y_{1^{-}}y2||= \frac{t}{1-t}||x_{1}-X_{2}||$ .
$\epsilon$ $\leq$ $||(x_{1}, y1)-(x_{2}, y2)||\psi=(||x_{1}-x_{2}||+||y_{1}-y2||)\psi(t)$
$=$ $(||x_{1}-x_{2}||+ \frac{t}{1-t}||_{X}1-x_{2}||)\psi(t)$
$=$ $\frac{\psi(t)}{1-t}||_{X_{1^{-}}}x_{2}||$ .
(12) $||x_{1}-X_{2}|| \geq\frac{1-t}{\psi(t)}\epsilon$ ,
$||y_{1}-y2|| \geq\frac{t}{\psi(t)}\epsilon$ .
(13) $s_{1}= \frac{||y_{1}||}{||x_{1}||+||y1||}$ , $s_{2}= \frac{||y_{2}||}{||x_{2}||+||y2||}$
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, $||(x_{1}, y1)||_{\psi}=||(X_{2,y_{2}})||_{\psi}=1$
(14) $||x_{1}||= \frac{1-s_{1}}{\psi(s_{1})},$ $||x_{2}||= \frac{1-s_{2}}{\psi(s_{2})}$ ,
$||y_{1}||= \frac{s_{1}}{\psi(_{S\text{ }})},$ $||y_{2}||= \frac{s_{2}}{\psi(s_{2})}$ .
$s_{1}\leq s_{2}$ ( ). $\psi$ strictly convex ,
$\psi(s)/(1-S)$ ( strictly increasing, $\psi(s)/s$ ( strictly decreasing ( 3).
(15) $||x_{1}||\geq||x_{2}||,$ $||y_{1}||\leq||y_{2}||$ .




. ( , $||x_{1}||\leq\epsilon/4$ , $||x_{2}||\leq||x_{1}||$ $\epsilon/2<||x_{1}-x_{2}||\leq$
$||x_{1}||+||x_{2}||\leq\epsilon/2$ ) $(1-S)/\psi(s)$ strictly decreasing
$t=1$ $0$ , $a(0<a<1)$
$\frac{1-a}{\psi(a)}=\frac{\epsilon}{4}$
( $s_{1}\leq a$ ). $(1-s)/\psi(s)$ ( $[0, \frac{a+1}{2}]$ – , $\rho(0<\rho<$
$\frac{1-a}{2})$
$s_{2}-s1\leq\rho,$ $s_{1}\in[0, a],$ $s_{2} \in[0, \frac{a+1}{2}]$
$\frac{1-s_{1}}{\psi(s_{1})}-\frac{1-s_{2}}{\psi(s_{2})}\leq\frac{\delta_{X}}{2(1-\delta_{\mathrm{x}})}$ . $\frac{1-\frac{a+1}{12)}}{\psi(\frac{a+}{2}}$
. ,
$\frac{1-s_{1}}{\psi(s_{1})}-\frac{1-s_{2}}{\psi(s_{2})}\leq\frac{\delta_{X}}{2(1-\delta_{\mathrm{x}})}$ . $\frac{1-s_{2}}{\psi(s_{2})}$ .
$\frac{1-s_{1}}{\psi(s_{1})}\leq\frac{2-\delta_{X}}{2(1-\delta_{x})}$ . $\frac{1-s_{2}}{\psi(s_{2})}$
34
(17) $||x_{1}|| \leq\frac{2-\delta_{X}}{2(1-\delta \mathrm{x})}||X_{2}||$
.




$|| \frac{x_{1}}{||x_{1}||}+\frac{x_{2}}{||x_{1}||}||<2(1-\delta x)$ ,
(18) $||x_{1}+x_{2}||\leq 2(1-\delta x)||X_{1}||$ .
$s_{2} \in[0, \frac{a+1}{2}]$ ( $s_{1}\in[0,$ $a]$ ) (18), (17), 3
$||(X_{1,y1})+(X_{2,y_{2}})||\psi$ $=$ $||(||_{X}1+x_{2}||, ||y_{1}+y2||)||_{\psi}$
$\leq$ $||(2(1-\delta_{X})||X1||, ||y_{1}||+||y_{2}||)||\psi$
$\leq$ $||((2-\delta_{X})||X_{2}||, 2||y_{2}||)||\psi$
$<$ $2||(||X_{2}||, ||y_{2}||)||_{\psi}=2$ .
$f(s_{2})=||((2- \delta_{x})||X_{2}||, 2||y_{2}||)||_{\psi}=||((2-\delta_{\mathrm{x}})\frac{1-s_{2}}{\psi(s_{2})},$ $\frac{2s_{2}}{\psi(s_{2})})||_{\psi}$
. $f$ $[0, \frac{a+1}{2}]$ $0<f(S2)<2$ ,
$M_{1}:= \max\{f(s_{2}) : 0\leq s_{2}\leq(a+1)/2\}$












$\Omega=\{(s_{1,2}s) : 0\leq s_{1}\leq a, 0\leq s_{2}\leq 1, \rho\leq s_{2}-s_{1}\leq 1\}$ , $\Omega$
$M_{2}<2$ .
(20) $||(x_{1}, y1)+(x_{2}, y_{2})||\psi\leq M2<2$ .
Case 2: $1/2\leq t\leq 1$ . Case 1 , $M_{3}<2$
(21) $||(X_{1,y1})+(_{X}2, y_{2})||_{\psi}\leq M3<2$
( [4] ).
(19), (20) $,(21)$ , $M:= \max.\{M1,.\cdot.M2, M_{3}\}((x_{1}, y_{1}),$ $(x_{2}, y_{2})$ )
(22) $||(x_{1}, y1)+(X_{2}, y_{2})||\psi\leq M<2$
, .
6. (i) $1\leq q\leq p\leq\infty$ . $||\cdot||_{p,q}$ (Lorentz) $\ell_{p,q}$-norm :
$||(\mathcal{Z}, w)||_{p,q}=\{|z|^{*q}+2^{(}q/p)-1|w|*^{q}\}^{1/q}$ ,
, $\{|z|^{*}, |w|^{*}\}$ $\{|z|, |w|\}$ non-increasing rearrangement ([81).
$|z|^{*}\geq|w|^{*}$ . ( . $1\leq p<q\leq\infty$ , $||\cdot||_{p,q}$ ’ quasi-norm.
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norm ; cf. [2] $)$ $||\cdot||_{p,q}\in N_{a}$ ,
$\psi_{p,q}(t)=\{$
$\{(1-t)^{q}+2^{q/p-1}t^{q}\}^{1}/q$ if $0\leq t\leq 1/2$ ,
$\{t^{q}+2^{q/p-1}(1-t)q\}^{1/}q$ if $1/2\leq t\leq 1$
. $X\oplus Y$ norm
$||(_{X}, y)||p,q=||(||_{X}||, ||y||)||_{p,q}$
. $X,$ $Y$ $\ell_{p,q}$ , $X\oplus_{p,q}Y$ . $X\oplus_{p,q}Y$ $\ell_{p}$
$X\oplus_{p}Y$ . $X\oplus_{p,q}Y=X\oplus_{\psi_{\mathrm{p},q}}Y$ 5
$p=q=1,$ $\infty$ , .
$X\oplus_{p,q}Y$ ; uniformly convex $\Leftrightarrow X,$ $Y$ ; uniformly convex.
(ii) (i) $p=q$ : $1<p<\infty$
$X\oplus_{p}Y$ ; uniformly $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}\mathrm{e}\mathrm{x}\Leftrightarrow X,$ $\mathrm{Y}$ ; uniformly convex.
(iii) $1\leq p<q\leq\infty,$ $1<\lambda<2^{1/p}-1/q$ ($p\neq 1$ and $q\neq\infty$ ) .
$|| \cdot||_{\lambda}=\max\{||\cdot||_{2}, \lambda||\cdot||_{1}\}(1/\sqrt{2}\leq\lambda\leq 1)$
, $||\cdot||_{\lambda}\in N_{a}$ $\psi_{\lambda}=\max\{\psi_{2}, \lambda\psi_{1}\}$ .
$X\oplus_{\psi_{\mathrm{p},q,\lambda}}Y$ ; uniformly $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}\mathrm{e}\mathrm{x}\Leftrightarrow X,$ $Y$ are uniformly convex.
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